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1. INTRODUCTION 
Suppose that a periodic function f is associated with a trigonometric 
cosine series 
1 cn 
i 
a,+ C a, cos nx. 
n=l 
(1.1) 
Assume that (a,}, n = 0, 1, 2, . . . . is monotonically decreasing to zero. 
Boas proved that in any interval 0 < 6 <x < 271, series (1.1) converges 
uniformly to a functionf(x), but f (x) is not in general Lebesgue integrable 
in (0, n) [2, p. 7881. He also proved that for 0 < y < 1 a function like xP’ 
near 0 has a cosine series whose coefficients behave at infinity like n7-l and 
conversely [4, p. 31. Boas [3] proved the following theorem: 
THEOREM A. Zf a,10 and f(x) =C a, cos nx, then for 0-c y < 1, 
x-j’f(x)eL[O, n] fund only z~C allni’-’ < CO. 
The aim of this paper is to extend Theorem A double series. 
2. DEFINITIONS 
DEFINITION 1. A sequence (a,} of positive numbers is said to be quasi- 
monotone if 
for some constant a > 0 and all n > n,(a) or equivalently nWBan 10 for some 
p>o. 
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DEFINITION 2. A double sequence { u,,,~ ), m, n = 1, 2, . . . . is said to be 
quasi-monotone if 
0) mn>O. 
(i) ~l+~,.Ca,,, , (1 + E/m) for some constant M > 0 if m > mO(a). 
(iii) u~,~+ I <a,,. (1 + /3/n) for some constant /I > 0 if n > no(p). 
It may be noted that (ii) and (iii) of the above definition give 
~m+l,n+l ~%I,, ( (l+$(l+i). (2.1) 
Young [6, p. 51 proved the following theorem: 
THEOREM B. Suppose that {a,} is quasi-monotone; if C,“=, n’- ‘a, 
converges for a fixed real number cr, then n’u,, + 0 us n -+ 00. 
We have the following theorem which extends Theorem B: 
THEOREM 1. Let (u~,~}, m, n = 1, 2, . . . . be a double quasi-monotone 
sequence. Zf C,“= 1 C,“= 1 rn”-‘r+- ‘umn converges for fixed real numbers ~1, B, 
then mSnPu ,.+Ousm,n-+co. 
ProojI Let k, I be such that 
and consider 
2m 2n 
C 1 k”- ‘ID- luk,. P-2) 
By using (2.1) with c( = y,, p = y2, then induction gives 
consequently, 
uk , > uzm 2n e pi’i +‘i2), 
since (1 +yi/k)pk>,ep”, i= 1, 2 [6, p. 51. Therefore 
2m 2n 
c 1 k’- ‘I”- ‘a,,>, Ce-‘YI+Y2’uz,,2n(2m)“(2n)D. 
m n 
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The convergence 
(2m)“(2n)P a2m,2n 
of the series Cz,,,=, rn+ ‘np- ‘u~,~ implies that 
+ 0. By considering all other possible combinations we 
reach the same conclusion. Thus Theorem 1 is proved. 
We have the following corollaries: 
COROLLARY 1. Let {a,n,,l}, m, n = 1, 2, . . . . be a double quasi-monotone 
sequence. [f C,TT ,,,= , a,,,,, converges, then mna,,,, -+ 0 as m, n -+ GO. 
Proof: Set c( =/I = 1 in Theorem 1. Since monotonically decreasing in 
each index implies quasi-monotone, we have 
COROLLARY 2. Let {a,,,}, m, n = 1,2, . . . . be a double sequence such that 
monotonically decreasing in each index independently. 
m,n converges, then manPa,,n + 0 as m, n -+ 00. 
Now we have the following theorem: 
THEOREM 2. Let {am,n), m, n = 1,2, . . . . be a double sequence such that 
(ib,,.3Q (ii) {a,,,.} is monotonically decreasing to zero in each index 
separately and independently, and (iii) A(2’am,n = am,n - am,n + 1 -a,,, + ,,,, + 
a 01 + 1, f2 + I 3 0. !fxz,,= 1 rn”- ‘&‘a,,,,, is convergent then Cz>,,=, mXnBA’*)a,,,, 
is convergent, wherk 0 -=c a, /I < 1. 
Proof: Let S,,I=xi=, XL=, m”-‘nPp’a,,,; since a,,,>O, it follows 
that {S,,, >, k, I = 1, 2, . . . . is a monotone sequence; also lim,,,, ~- S,,, exists 
and is finite by hypothesis. Therefore 
lim S,,, = lim lim S,,, 
k.f* m k-a I-rs (2.3) 
[S, p. 521. Partial summation applied to S,,, with respect o n gives 
i m’-’ i nPslam,,r=m$, m”-‘(‘2 f,(n.,,,,-a,,.,,)+t,a,,,,,), 
m=l n = I n = 1 
where t,, = C:= 1 sB I. But C:=, sB- ’ > np. Therefore 
Thus by (2.3) 
cc 
c0> C m~‘nB-‘a,,, 
I?,, ,, = 1 
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By [S, p. 521, C,“= I nB-~ ‘Q,,~ converges for m = 1, 2, . . . and since {a,,,} 
is monotonically decreasing in n, n8am,,, -+ 0 as II + co by Theorem B. 
Therefore (2.4) becomes 
(2.5) 
Set Tk,,- 1 = C”, =, C&‘, ml- ‘nP(,,,, -a,, n + ,), so T,,,_ 1 is monotoni- 
cally increasing and lim,, 5 lim,, ~ Tk,,- 1 exists by (2.5). Finally, we can 
show as in the first part that 
/ k-l 
and since Cf, = 1 CL:‘, manB AC2)am,,, is monotonically increasing, since 
AC2)a a m,n m,n 2 0, so x,“., = I m”nP A (‘)a,,,,, converges. 
3. INTEGRABILITY OF MULTIPLE TRIGONOMETRIC SERIES 
In this section we shall extend Theorem A to the case of two variables. 
Let 
f(x, y)- f f am,n cos mxcosnx. (3.1) 
m=l n=l 
We have the following theorem: 
THEOREM 3. Let {am,n}, m, n = 1, 2, . . . . be a double sequence such that 
(i), (ii), (iii) of Theorem 2 hold. Then series (3.1) converges for 
(x, Y) E (0, ~1 x (0, ~1 to f(x, Y) and 
f(x, y)= f d’2’a a,, , cos mx 
m,n= I 
-;.,;, QLfl : cosnx--aa,, 
where D,(x) = sin(n + 1/2)x/2 sin(x/2). 
Proof: Let 
Sk,,(x, y) = i i am,n cos mx cos nx. 
m=, n=, 
(3.2) 
(3.3) 
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Choose k’ > k, I’ > 1; then 
where 
k’ I’ 
1, = 1 1 a,n,n cos mx cos ny 
m=k+l n=/+l 
k I’ 
I2 = 2 C anl,n cos mx cos ny 
13 = C C am,n cos mx cos ny. 
m=k+l n=I 
Partial summation in (3.5) with respect o YE yields 
(3.4) 
(3.5) 
(3.6) 
(3.7) 
(3.8) 
where 
S1 = i [ m=k+l n=l+ I I cos mx 
k 
s*= 1 am,,,, awcosmx 
m=k+l 
k’ 
S, = C anr./, D,,(y) cos mx. 
m=k+ I 
Again partial summation on the right side of (3.8) with respect o m gives 
I’- 1 kc- I 
c 
n=l+ 1 m=k+ I 
I’- 1 
-Dkb) 1 (ak+I,rl-ak+l,n+l)D,,(Y) 
n=f+l 
Hence 
I’- 1 
+&‘(.d 1 (ak’,,,-ak’,,r+l)D,l(Y)- 
fl=l-tl 
since Iok <?$k for x>@ 
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Consequently, 
lS,l<2~(u,,,,+,-a,,,,,I~-10 as k,l-tcz 
for x, y>O. Thus 
Similarly 
and 
IS’1 <; 
IS21 <$ 
I&I <$ 
for k > kg(E), I > IO(&), x, y > 0. (3.9) 
for k > k,,(E), I > l,,(c), x, y > 0 (3.10) 
for k > ko(E), I > IO(&), x, y > 0. (3.11) 
Consequently (3.8), (3.9), (3.10), (3.11) give 
Iv,)<; for k > ko(E), I > lo(&), x, y > 0. 
Similarly, one can show that 
(3.12) 
(3.12a) 
(3.12b) 
for k > kg(E), I > IO(&), x, y > 0. 
Thus (3.4), (3.12), (3.12a), (3.12b) imply that 
I&~&~ Yl- &.,(x3 Y)l <E for k > ko(E), 
I > lo(s), X, y > 0. By the Cauchy criterion lim,,,, ~ Sk,,(x, y) exists for 
(x, JJ) E (0, rc] x (0, n]. Now, by the existence of lim,,,, m Sk,/(x, y) and 
partial summation we can show that (3.2) holds. This proves Theorem 3. 
THEOREM 4. Let {am.n), m, n = 1, 2, . . . . he a double sequence such that 
(i), (ii), and (iii) of Theorem 2 hold. ZfCz,,, , n~‘~‘n~-‘a,.~ converges, the 
series (3.1) converges everywhere to f(x, y) except possible at x = 0 or 
y=O and x-zy-Bf(x, y)~L’([0, TC] x [0, n]), where 0 <a, b < 1. On the 
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other hand if series (3.1) converges everywhere except at (0,O) and 
,~~‘y-/lr(x, y) E L’( [0, X] x [0, n]) then C,“.,= , rn’- ‘np- ‘a,,n converges. 
We need the following lemma: 
LEMMA. For 0 < a < 1 and arbitrary 6 > 0, 
This is a consequence of the definition of D,,(x). 
Proof of Theorem 4. Multiply (3.2) by .x-“yP” and integrate over 
[0, rr] x [0, rr]. Then 
77 * 
SI x-“Y-” If(x, y)l dxdy<Z,+I,+z,+Z,, (3.13) 0 0 
where 
d(*‘a,,,)lD,(x)l ID,( y)l x-‘y -B dx dy 
/g(x)1 x-“y-“dxdy 
with 
g(x) = ,f a,l,l cos m,, h(x)= f al., cos v 
m=l II = 1 
and 
I,=$a,, /‘Jzx-zy-Bdxdy. 
0 0 
Now the coeffticient a,n,l of g(x) is monotonically decreasing to zero in m. 
Since a ,,I,n>O and Cz,,=, m”-‘nD-‘a,,,, converges, by [S, p. 521, 
C,“=, maplarn., converges, and consequently by Theorem A x-“g(x) E 
t’[O, ~1. Thus 
I,<cD. (3.14) 
In the same way as for (3.14) 
I,<oc. (3.15) 
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Since 0 < a, B < 1 
17<cc. (3.16) 
Finally Cz,n=, (dC2)a,,.) ID,(x)1 ID,(y)/ converges uniformly in [S, rc] x 
[S, n], 6 > 0, since 
,?I4 ( ~2%H)l~m(x)l P,(Y)l G& i: (~(2kn,,) In,,,= I 
2 2 
< 71 1 
4xY 
(dc2’a, .) m”m8 < co 
m, I = 1 
for x, y > 0, where the last series converges by Theorem 2. Therefore by the 
uniform convergence of the series 
= frnO 2 (A(‘)a, [n ID,(x)1 x-’ dx jx Pn(y)l Y -“dy. 
m,n= I 6 5 
By the Lemma the right side 
d C f (dc2)a,,,) mznp. 
m.n= 1 
Thus 
z4 < co (3.17) 
by Theorem 2. 
Thus (3.13), (3.14), (3.15), and (3.16) give 
Now let ~-~y-~j(x, y) E L’([O, rr] x [0, rr]); then 
and hence f(x, y) E L’( [0, n] x [0, n]). Then by [ 1, p. 423, Theorem 4.2’1, 
{a,,,} is the Fourier cosine coefficient off(x, y) so that 
1 AX 
a ln,tz=;Ei ss o o f(X> Y) 
cos mx cos ny dx dy 
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and 
A dC Sf 
nIf(x,y)I 2 m”-‘cosmx . 1 
0 0 m = I i I 
no- ’ cos ny dx d.v 
n = 1 
n H 
6C 
ss 
x -“y+ ( j”(x, y)l dx dy < cc 
0 0 
since IC,y=, ny~~‘cosnxl <CX~’ for O<y< 1 [3, p. 10, Lemma2.141. 
Thus 
Therefore 1 O3 _ rn’~ ‘np ~ ‘a m,n-I converges, since a,,,, 3 0 and the partial 
sums are bounded independen?& of k and 1. 
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